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Abstract. A differential geometrical and topological structure of Delsarte 
transmutation operators in multidimension is studied, the relationships with 
De Rham-Hodge-Skrypnik theory of generalized differential complexes is 
stated. 

1. Introduction 

Consider the Hilbert space H = L2(K™; C^)), m, AT e Z+, with the scalar semi- 
hnear form on Ti* x TL 

(1.1) (<(/7,'0>):= / ip{xy il}{x)dx 

for any pair {ip^i') & Ti.* x H, where, evidently H* ~ H, sign " j "is the usual 
matrix transposition. Take also Ho and Ho being some two closed subspaces of H 
and correspondingly two linear operators L and L acting from H into H. 

Definition 1.1. (J. Delsarte and J. Lions [2]) A linear invertible operator ft de- 
fined on the whole H and acting from Ho onto Ho is called a Delsarte transmuta- 
tion operator for a pair of linear operators L and L : H ^ H ii the following two 
conditions hold: 

• the operator n and its inverse are continuos in H] 

• the operator identity 

(1.2) Lft = nL 
is satisfied. 

Such transmutation operators were for the first time introduced in [1, 2] for the 
case of one-dimensional second order differential operators. In particular, for the 
Sturm-Liouville and Dirac operators the complete structure of the corresponding 
Delsarte transmutation operators was described in [8, 9], where also the extensive 
applications to spectral theory were given. 

As there was become clear just recently, some special cases of the Delsarte trans- 
mutation operators were constructed much before by Darboux and Crum (see [10]). 
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A special generalization of the Delsarte-operators for the two-dimensional Dirac op- 
erators was done for the first time in [11], where its applications to inverse spectral 
theory and solving some nonlinear two-dimensional evolution equations were also 
presented. 

Recently some progress in this direction was made in [12, 13] due to analyzing a 
special operator structure of Darboux type transformations which appeared in [14] . 

In this work we give in some sense a complete description of multi-dimensional 
Delsarte transmutation operators based on a natural generalization of the 
differential-geometric approach devised in [13], and discuss how one can apply these 
operators to studying spectral properties of linear multi-dimensional differential 
operators. 



2. The differential-geometric structure of a generalized 
Lagrangian identity 

Let a multi-dimensional linear differential operator L : H of order n{L) e 
Z_|_ be of the form 

(2.1) L:=J2aaix) — , 

|a|=0 

where, as usually, a G is a multi- index, x G R™, and for brevity one assumes 
that coefficients G S{K^; EndC^). Consider the following easily derivable gen- 
eralized Lagrangian identity for the differential expression (2.1) : 



(2.2) < > - < >= ^(-l)*+i_Z,[<p,^], 

where {^,ip) € Ti* x Ji, mappings Zi : H* x W — > C, i = 1, m, are semilinear due 
to the construction and L* : Ti* —> Ti* is the corresponding formally conjugated to 
(2.1) differential expression, that is 

Q|a| 

(2-3) L*:=Y^{-ir\—--al{x). 

|c<|=0 

Having multiplied the identity (2.2) by the usual oriented Lebesgue measure dx = 
A . = — *dxi, we get that 

< L*ip, V' > dx- < ip,L-il} > dx = dZ^™"^^ [if, V'] 
for all {if, ip) gH* X H, where 

m 

(2.4) ^('"-i) [ip^ jjj] := ^ dxi Adx2 A... /\ dxi-i A Zi[<p, ip]dxi+i A ... A dxm 

i=l 

is an (m — 1)— differential form on M™. 

Consider now all such pairs {(p(X),'ijj{fi)) £ Hq x Ho, A,/i G S, where S G C, 
p G Z_|_, is some fixed measurable space of parameters endowed with a bounded 
Lebesgue measure p, that the differential form (2.4) is exact, that is there exists such 
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the set of (to - 2) -differential forms J^^"-^) [(p(A), i/'(m)] £ A"'-^ (R"' ; C) , A,/x G S, 
on M"* satisfying the condition 

(2.5) 1) [<p(A), V'(m)] = [<^(A), V(m)]. 

Assume also that for any fixed element (fi{X) G Hq, X G T,, the set Hip C Wo 
of functions V'(m) € Tioj A* G 5], satisfying the condition (2.5) is dense in 7i, that 
is Hip = Ti. Since the relationship (2.5) is semilinear in {(f{X),tp{ijlj) G Hq x Ho, 
A, e E, one gets easily that it holds for any pair (v'(A), gHqX Ho, A, /x e S. 
Thus, taking into account that <fi = 0, one follows from (2.3) by integration over 
that for any pair (<p(A), ^(/i)) € H^ x Ho the identity (< L*ip{X),'tj}{ii) >) = 
(< <p{X),Lijj{ij,) >), A,/i e E, holds, that is the operator (2.1) possesses its adjoint 
L* in H* ■ Another way to realize this condition is to take spaces Hq and Ho as 
solutions to the following linear differential equations: 

Ho : = {tJj{X) e H- : LiJjiX) = 0, V^(A)|.^er = 0, A e S}, 
K ■■ = WW en*_ : L*^{X) =0, v3(A)|,er. =0, AeE}, 

where we have introduced following [7] a corresponding Hilbert-Schmidt rigged 
chain of Hilbert spaces 

(2.6) H+CHCH-, 

allowing to determine properly a set of generalized eigenfunctions of extended op- 
erators L , L* : H- — > H-, and r,r* C W" are some (n-l)-dimcnsional piece- 
wise smooth hypersurfaces imbedded into the configuration space M™. Let now 
5'(cri™~^\ ctI™"^'') denote an (m-l)-dimensional piece-wise smooth hypersurface 
imbedded into M™ such that its boundaries dS{a^~'^\ a^~'^^) = a^~'^^ — a^~'^\ 
where cri™ and ctI™ "^^ G i?m-2(]R'"; C) arc some (to — 2)-dimcnsional homolog- 
ical cycles from the homology group 1/^-2 (R™;C) of R™, parametrized formally 
by means of two points x, xo S and related in some way with the chosen above 
hypersurfaces F and F* C M™. Then from (2.5) based on the general Stokes 
theorem [16, 17] one correspondingly gets easily that 

/ Z(-i)[^(A),V(/.)]= / f2(™-^)[^(A),^(M)] = 

(2.7) / f2(™-2)[^(A),^(M)] - [^_^^ ^)b(A),V'(M)] 

: =n4ip{X),tlj{iJ,)]-n^^[ip{X),'ilj{iJ,)], 

^^^'"-'^'■^k(A),^(M)] - /, ^)'T[^(A), V(m)] 

: =f7;[^(A),V'(M)]-f^* b(A),V'(A^)] 



for the set of functions {(p{X),tp{^)) G H* xH, X, ii G T,, with kernels Qx[fW, V'(m)]; 
^J[</5(A),V'(m)] and r2^j97(A),'^i'(/i)], 0*[(^(A), V'(m)], A,/U e S, acting naturally in 
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the Hilbert space L'f \j^; C), are assumed further to be nondegenerate in L2^\t,; C) 
and satisfying the regularity conditions 

limn^[ip{X),tp{lJ.)] = Q^^[ip{X),ip{fj,)], limn*[ip{X),tp{fj,)] = [v.(A),V(m)]- 

Define now actions of the following two linear Delsarte permutations operators 
n : n ^ n and fl* : n* ^ n* still upon a fixed set of functions {ip{X),il){fi)) G 
TYq X 7^0, A, /Lt S S, : 

V'(A) = n(V;(A)) := I dpiv) I dp{fi)i,{rj)i}-'[viv),i,{,,)]QMf^),m], 



E E 

Making use of the expressions (2.8), based on arbitrariness of the chosen set of 

functions ((p(X),ijj{p)) G TYq x T^qj A,/i G S, wc can easily retrieve the correspond- 
ing operator expressions for operators 17 and 17* : Ti.-^ forcing the kernels 
^xoyW,i>{l^)] and 0*J</3(A), V(m)]), A,/u e S, to variate: 

^(A) = J dpir,) J dp{p) J dp(i/)V'(7?)l^xb(^),V'(/^)]f^xM¥'(/^),V'(A)] 

ESS 

''dpiv) [ dp{p) [ dp{u) [ dp(0^(r?)J^-M^(^),^(M)] X 



SEES 

X 



/ ^(™-^)b(M),^(A)]) 



= V(A) - j dp{r,) j dp{p) j dp{v) j dp{i)i^{r,)n-' [^(r,), ^{p)] x 

SEES 



= V(A)- dpirj) dp{p)i;n~„'Mrj)Ml^)] / , , Z^^-^) [(^(a^), V(A)] 

= (1 - y dp(r?) y dp(M)V'(^)f^xoM^(^),^(M)]x 

E E 

X / Z(™-i)[^(/.),.])^(A):=12.V'(A); 
^(A) = Jdp{ri)Jdp{pMr,)n-'*[ip{p),i;{ri)pl[ip{X),i;{p)] 



s s 

- y dp{r,) j dp{pMrj)ni'-'[<p{pU{v)] I Z('"-i)'T[^(A), V'(/x)] 

E E 



S(aL'"-=',4'^-">) 



DELSARTE TRANSMUTATION OPERATORS 



5 



= ^(A) - j dp{ri) I dpiO I dp{p) I dp{,^M7^)nl'-'[^{u),^|;{7^)] 



(2.9) = ~ / '^''^'^^ j dp{t^MriWx;\^{t^),i^{v)\>^ 

E S 

X / i)'T[,V>(/.)])^(A):=n*.<p(A), 
where, by definition, 

n:=i- [dp{v)[dp{n)i;{v)n-^Mv),m] [ , z("-^)[</.(/x),-] 



E E 

(2.10) 

n*:=i- fdpiv) [dpii^Mv^'^'ifif^Um I ^, ^('"-^)'M-,V(m)] 

EE V ' 

are of Volterra type multidimensional integral operators. It is to be noted here 
that now elements (<p(A), V'(a*)) G Hq x Hq and (^(A), ■^(/x)) G Hq x Hq, A,/i e 
S, inside the operator expressions (2.10) arc arbitrary but fixed. Therefore, the 
operators (2.10) realize an extension of their actions (2.8) on a fixed pair of functions 
(<^(A), V'(a*)) X Ho, A, /i e S, upon the whole functional space H* x H. 

Due to the symmetry of expressions (2.8) and (2.10) with respect to two sets of 
functions {(p{X),tp{ii)) e Hq x Hq and {(p{X),'tjj{p)) G Hq x Hq, A,/Lt € S, it is very 
easy to state the following lemma. 

Lemma 2.1. Operators (2.10) are hounded and invertible of Volterra type expres- 
sions inH* xH whose inverse are given as follows: 
(2.11) 



n-':=i- dpin) dp{n)^{v)^-^'[m,^{f^)] , , z(™-^)[^(/.),.] 

EE V / 

n*^-':=i-(dp{n)(dp{p.Mn)K';'[m,Hn)]l , , z^-^-^)^^[,i,{p)] 

where two sets of functions (^(A), -(/"(/x)) e x Ho and {<f{X),'t{j{p)) € Hq x Ho, 
A, e S, are taken arbitrary but fixed. 

For the expressions (2.11) to be compatible with mappings (2.8) the following 
actions must hold: 

^(A) = • V'(A) = I dpiv) I dpif,)i,iv)^-'mv),Hf^mMf^),Hm, 

E E 

(2.12) 

(p(A) = n*'~^-<f{X) = f dpiv) f dp(/x)^(r,)i7;'-M'p(M),^(r/)]f^;o['p(A),^(/x)]), 
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where for any two sets of functions (^(A), ^/'(/^)) & Hq x Ho and (^(A), £ 
Hq X TYo, a, /U e S, the next relationship is satisfied: 

(< L*^(A),V'(m) > - < ^(A),iV'(M) >)dx = rf(Z(™-i)[^(A),V'(M)]), 

Z(™-i)[^(A),V'(/^)] = df2(™-2)[^(A),V'(/x)]. 

(2.13) L:=OLfl"\ i* := 

Moreover, the expressions L : H ^ H and L* : H* ^ H* must in the result be 
differential too. Since this condition determines properly Delsarte transmutation 
operators (2.11), we need to state the following theorem. 

Theorem 2.2. The pair of operator expressions L := ^lLfl~^ and L* := 
f2*L*n*'~^ is purely differential on the whole space 7i* xH. for any suitably chosen 
hyper-surface S{a^r~'^\a^^~^^) C R™. 

Proof. For proving the theorem it is necessary to show that the formal pseudo- 
differential expressions corresponding to operators L and L* contain no integral 
elements. Making use of an idea devised in [13, 11], one can formulate such a 
lemma. | 

Lemma 2.3. A pseudo- differential operator L : Ji ^ Ti, is purely differential iff 
the following equality 

(2.14) «;,,(L|^)^/»^«/,i^gi/» 

holds for any \a\ e Z+ and all {h,f) € H* x H, that is the condition (2.14) is 
equivalent to the equality i+ = L, where, as usually, the sign "(...)+" means the 
purely differential part of the corresponding expression inside the bracket. 

Based now on this Lemma and exact expressions of operators (2.10), similarly 
to calculations done in [13], one shows right away that operators L and L*, de- 
pending correspondingly only both on the homological cycles ctI™ , cri™ G 
i?TO-2(IR'"; C), marked by points x,xo G R™, and on two sets of functions 
(<^(A),'0(^)) e xHo and ((^(A), V'(^)) e Hq x Hq, A,/i G S, are purely dif- 
ferential, thereby finishing the proof. ► 

3. The general differential-geometric and topological structure of 

Delsarte transmutation operators 

Let M := M'" denote a suitably compactified metric space of dimension m = 
dimM G Z_(- (without boundary) and define some finite set C of smooth commuting 
to each other linear differential operators 

(3.1) Lj{x;d):= ^^^^(ar)^!"!/^^", 

|a|=0 

X e M, with Schwatrz coefficients ai^-' G S{M-,EndC^), \a\ = 0,n{Lj), n{Lj) G 
Z_|_, j = 1, m, and acting in the Hilbert space n := L2{M; C^). It is assumed that 
domains D{Lj) := D{C) CH, j = 1, m, are dense in H. 
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Consider now a generalized external differentiation operator dc 
•.A{M;H) -^A{M;H) acting in the Grassmann algebra A{M;H) as follows: 
for any e A'=(M; n),k = OTm, 

m 

(3.2) dcP^'"'^ ■.= J2dxj ALj{x;d)l3'^''^ S A^+^{M-H). 

It is easy to see that the operation (3.2) in the case Lj{x;d) := d/dxj, j = l,m, 
coincides exactly with the standard external differentiation d = Yl^Li (^^j ^ d/dxj 
on the Grassmann algebra A(M; H). Making use of the operation (3.2) on A(M; H), 
one can construct the following generalized de Rham complex 

(3.3) H ^ A"{M;H) ^ AHM;H) ^ ... ^ A"(M;H) ^ 0. 
The following important property concerning the complex (3.3) holds. 
Lemma 3.1. The co-chain complex (3.3) is exact. 

Proof. It follows easily from the equality dcdc = holding due to the commutation 
of operators (3.1) .i> | 

Below we will follow the ideas developed before in [3]. A differential form /3 G 
A(M; n) will be called dc-closed if dcP = 0, and a form 7 G A(M; H) will be called 
d£-homological to zero if there exists on M such a form w G A(M; H) that 7 = rf^o;. 

Consider now the standard algebraic Hodge star-operation 

(3.4) ★ : A'=(M; H) ^A'"-'=(M: H). 

k = 0~m, as follows [4]: if /3 G A'=(M; H), then the form */? G A'"-'=(M; H) is such 
that: 

i) (m — fc)-dimcnsional volume | ★/?! of the form */? equals fc-dimensional volume 

\P\ of the form /?; 

ii) the m-dimcnsional measure (3 A */? > under the fixed orientation on M. 
Define also on the space A(M; H) the following natural scalar product: for any 

/3,7G A'=(M;H), k = 0~f^, 

(3.5) (</3,7>):= [ Ai^j. 

Jm 

Subject to the scalar product (3.5) we can naturally construct the corresponding 
Hilbert space 

Wa(m) := e nXiM) 

fc=o 

well suitable for our further consideration. Notice also here that the Hodge star 
★-operation satisfies the following easily checkable property: for any /?, 7 G H^{M), 
k = 0,m, 

(3.6) (< /?,7 >) = (<*/?, *7>), 

that is the Hodge operation ★ : Wa(M)— > Ha{M) is isometry and its standard 
adjoint with respect to the scalar product (3.5) operation (★) = {-*^)~^. 

Denote by the formally adjoint expression to the external weak differential 
operation dc :'Ha{M)^ Ha{M) in the Hilbert space 'Ha{M). Making now use of 
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the operations and dc in Ha(M) one can naturally define [4] the generalized 
Laplace-Hodge operator Ac ■ Ha{M) — > H\{M) as 

(3.7) Ac:=d'j:dc + dcd'c. 
Take a form /3 e Ha{M) satisfying the equality 

(3.8) Acf3 = 0. 

Such a form is called harmonic. One can also verify that a harmonic form (3 € 
TLa{M) satisfies simultaneously the following two adjoint conditions: 

(3.9) d'cd = 0, dcH = 0, 
easily stemming from (3.7) and (3.9). 

It is not hard to check that the following differential operation in Ti.A{M) 

(3.10) d*c~*d'c{*)-' 

defines the usual [16, 17] external anti-differential operation in Ha{M). The corre- 
sponding dual to (3.3) complex 

(3.11) n ^ A°(M;W) ^ K\M-n) ^ ... ^ K"'{M-'H) ^ 

is evidently exact too, as the property d*ji^d*^ = holds due to the definition (3.7). 

Denote further by W^(£)(M), fc = 0, m, the cohomology groups of d^-closed and 
by W^j.^,^(M), k = 0,m, the cohomology groups of d^-closed differential forms, 
correspondingly, and by 'H'^^j^, fc = 0,m, the abelian groups of harmonic 
differential forms from the Hilbert sub-spaces W^(M), k = 0,m. Before formulating 
next results, define the standard Hilbert-Schmidt rigged chain [7] of positive and 
negative Hilbert spaces of differential forms 

(3.12) 'Hi,+ {M) C niiM) c V.i^_{M) 

and the corresponding rigged chains of Hilbert sub-spaces for harmonic 

(3.13) Hi(£.^),+ (M) c Hi(^.£)(M) c Wi(£.£),_(M), 
and cohomology groups: 

(3.14) ^i(z;),+ (M) C Hi(£)(M)cHi(£),_(M), 

ni^oA^) C Hi(£.)(M)cHi(^.)^_(M), 

for any fc = 0, m. Now by reasonings similar to those in [4, 17] one can formulate 
the following a little generalized de Rham-Hodge theorem. 

Theorem 3.2. The groups of harmonic forms Wa(£.£) _(-^)) fc = 0,rn, are, cor- 
respondingly, isomorphic to the cohomology groups {H'^ {M ; C))^ , fc = 0, m, where 
H^{M;<C) is the k—th cohomology group of the manifold M with complex coeffi- 
cients, E c M a set of suitable "spectral" parameters marking the linear space 
of independent d*^-closed 0-forms from W^^^j _(-^) 0,''^^, moreover, the following 
direct sum decompositions 
(3.15) 

Wi(£*£),-(^)®AW^(^) = Wl_(M) = Hl^^,^-^^_{M)®dcHi-l{M)®dcni+l{M) 
hold for any k = 0,m. 
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Another variant of the statement similar to that above was formulated in [3] and 
reads as the following generalized de Rham-Hodge-Skrypnik theorem. 

Theorem 3.3. (See Skrypnik I.V. [3] The generalized cohomology groups 
^A(£) - i.^^)-^' = 0, m, are isomorphic, correspondingly, to the cohomology groups 

{H''{M;Cyf, k = U~i^. 

A proof of this theorem is based on some special sequence [3] of differential 
Lagrange type identities. Define the following closed subspace 

(3.16) n*o := {<^(A) e W^(£.),_(M) : ^^^(A) = 0, <p(A)|r. = 0, A e S} 

for some smooth (m — l)-dimensional hypersurface T* C M and S C (cr(£) fl 

a{C*)) X Ecr C C^, where W^^^.) is, as above, a suitable Hilbert-Schmidt 

rigged [7] zero-order cohomology group Hilbert space from the chain given by (3.15), 
a{jC) and cr(£*) are , correspondingly, mutual spectra of the sets of operators C 
and C* . Thereby the dimension dim Tig = card E is assumed to be known. 

The next lemma stated by Skrypnik I.V. [3] being fundamental for the proof 
holds. 

Lemma 3.4. (See Skrypnik I. V. [3] ) There exists a set of differential k-forms 

Z^''+'^'>[(f{X),dcij] e k''+^{M-,n), k = Q~iK, and a set of k-fornis Z^^) [^(A), e 
A'^(M;H), fc = 0, m, parametrized by a set E 9 A and semilinear in {(p{X),tfj) € 
X n\ _{M), such that 

(3.17) [(p(A), dci'] = dZ^^^ [(^(A), V] 
for all k = 0,m and A e E. 

Proof. A proof is based on the following generalized Lagrange type identity holding 
for any pair {ip{X),tp) GH^x ni^_{M) : 

(3.18) = < (i2(/?(A),*(V'A7) >:=<*d;cW"V(A),*(V'A7) > 

= < 4 W"V(A), A 7 >=< (*)"V(A), dc^j A 7 > 

+Z('=+i)[(/?(A),d£i/.] A7 =< (★)-V(A),rf£?/' A7 > +dZ''^^[ip{\),ij]A^ 

wher_eZ_('=+i)[(^(A),d£^/'] & K^+^{M-C), k = 0~^, and ZW[(^(A), V-] G A'=-i(M;C), 
fc = 0, m, are some semilinear differential forms parametrized by a parameter A e E, 
and 7 G A™^'^^^(M; C) is arbitrary constant (m — fc — l)-form. Thereby, the 
semilinear differential fc-forms Z^''~^^'>[(p{X),dc4'] G A'^+^(M;C), fc = 0,m, and 
fc-forms Z^^^[ip{\),il)] G A'=(M;C), fc = 0,m, A G E, constructed above exactly 
constitute those searched for in the Lemma.> | 

Based now on this Lemma 3.3 one can construct the cohomology group isomor- 
phism claimed in the Theorem 3.2 formulated above. Namely, following [3], let us 
take some simplicial partition K{M) of the manifold M and introduce linear map- 
pings ^ : H\_{M) Ck{M), fc = 0~i^, Age, where Cfc(M), fc = 0~fR, are the 
free abelian groups over the field C generated, correspondingly, by all fc-chains of 
simplexes S^'^^ G Cfc(M), fc = 0,to, of the simphcial [17] complex K{M) as follows: 

(3.19) ijf(^):= E ^^'^ / ^^'^[^W'^] 

with ip G Ti.X{M), fc = 0, m. The following theorem based on mappings (3.19) holds. 
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Theorem 3.5. (See Skrypnik I.V. [3] ) The set of operations (3.19) parametrized 
by \ G T, realizes the cohomology groups isomorphism formulated in the Theorem 
3.2. 

Proof. A proof of this theorem one can get passing over in (3.19) to the corre- 
sponding cohomology Ti-^^Q _(-^) and homology Hk{M; C) groups of M for every 
fc = 0, m. If one to take an element ijj '■= V'(A') € '^^(z;) -(-^)' k = 0,m, solving 
the equation d^ipip) = with /i G Sj, being some set of the related "spectral" 
parameters marking elements of the subspace H^^--^ _(-^)) then one finds easily 
from (3.19) and the identity (3.18) that 

(3.20) dZ^'''>[ip{X),i;{ii)]=0 



for all pairs (A, /z) e S x E^, k = 0,m. This, in particular, means due to the Poincare 
lemma [16, 17] that there exist differential (k — l)-forms fl^''~^^[i:p{\),ip{fj,)] G 
A'=-i(M; C), fc = 0~m, such that 

(3.21) zW[^(A),VX/i)] = dn(''-^^MX),tp{f,)] 

for all pairs (</5(A), V'(a*)) G Hq x H^j-^ _(-M) parametrized by (A,/z) € S x E^, 
= 0, rn. As a result of passing on the right-hand side of (3.19) to the homology 
groups Hk{M; C), k = 0,m, one gets due to the standard Stokes theorem [16] that 
the mappings 

(3.22) i?f :Hi(£)^_(M)^Ffe(Af;C) 

are isomorphisms for every A £ E. Making further use of the Poincare duality [17] 
between the homology groups i?fe(M;C), k = 0,m, and the cohomology groups 
H^{M ; C), k = 0,m, correspondingly, one obtains finally the statement claimed in 
theorem 3.5, that is W^j^) _(M) ~ (ff'=(M; C))^.> | 

Take now such a fixed pair {ip{X),il){fj,)) G Hq x W^^^j _(M), parametrized by 
(A, /i) e E X E/j, /c = 0, m, for which due to both Theorem 3.3 and the Stokes 
theorem [16, 17] the equality 

(3.23) (V(M)) = 5W / 1^(^-1) [v(A),V(M)], 

holds, where m, are some arbitrary but fixed elements 

parametrized by an arbitrarily chosen point x G M. Consider next the integral 

expressions 
(3.24) 

Q(*=-i)(A,m):= / n('=-i)[^(A),^(/x)], nl^i)(A,M):= / fi^^^-^) [^(A), ^(/x)] 

and interpret them as the corresponding kernels [7] of the integral invertible opera- 
tors of Hilbert-Schmidt type ni^~'^\n^Jl~^^ : ^''^(E; C) ^ ^^''''^Efc; C), k = 0~m, 
where p and pj,, fc = 0,m, are some Lebesgue measures on the parameter sets E 
and Efe, correspondingly. It assumes also above for simplicity that boundaries dsi'^^ 
and dSi'l\ k = 0^ m, are taken homological to each other as x — » G M. Define 
now the expressions 

(3.25) 0^'=' : ^(?7) ^ V'W 
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for e and some tp{rj) S Tij(_{M), k = 0,m, where, by definition 

(3.26) ^in) : ={^ni^-'^--'n^^-'^){rj) 

JT.U JT, 



for any -q € Sfc, fc = 0, m. 

Suppose now that the elements (3.26) are ones being related to some another Del- 
sarte transformed cohomology groups , 3, (-W), fc = 0, m, that is the following 
condition 

(3.27) d^ij{ri) = 

for ^"(77) G '^\(r\ '7 £ ^fc) ^ = 0, m, and some new external anti- 

A(.^J, 

differentiation operation in T-Lh-{M) 

rn 

(3.28) := ^ A Lj{x; d). 

hold. Here, by definition, we will put 

(3.29) Lj := flLjfl-'^ 



for each j = 1, m, where SI : H —^Ti is the corresponding Delsarte transmutation 
operator. Since all of operators Lj : H -^H, j = l,m, were taken commuting, the 
same property also holds for the transformed operators (3.29), that is [Lj, Lk] = 0, 
k,j = 0, m. The latter is, evidently, equivalent due to (3.28) to the following general 
expression: 

(3.30) = nrf^fi-^ 

For the condition (3.30) and (3.27) to be satisfied, let us consider the corresponding 
to (3.23) expressions 

(3.31) (V'(77) = 5Wf2(^-i)(A,r?) 

related with the corresponding external differentiation (3.30), where S^J'^ G 
Hk{M;C) and (A,ry) € S x S^, k = 0, m. Assume further that there is also de- 
fined a mapping 

(3.32) nV(A) := (^(A), f2(^-)VXr?) := ^Kv), 

with n* : H*^ H* being an operator associated (but not necessary adjoint!) with 
the basic Delsarte transmutation operator CI :H ^ H satisfying the standard rela- 
tionships Lj := ft* Ljn*'~^ , j = l,m. The corresponding Delsarte type operators 
nC^) : _(M) '^Kf^c) _(^). = (V^> are related with the action (3.26) 

under the conditions 

(3.33) rf£V'(7?) = 0, d*^^{\) = 0, 

needed to be satisfied, meaning evidently that the elements <^(A) G H'itr,-, 

A e S, and elements V(^) G '^\ir\ (-^): V £ Sfe, k = 0, m. Now we need to 

A(,^), 

formulate a lemma being important for the conditions (3.33) to hold. 
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Lemma 3.6. The following invariance property 

(3.34) = 0(^-i)l7('=-i)'-izWf2(^'=-i)>-il7(^-i) 



holds for any k ~ 0,m. 

As a result of (3.34) and the symmetry invariance between cohomology spaces 
^A(z:) - i^) ^A(£) - ^"^^ obtains the foUowing pairs of related mappings: 

(3.35) V = <p = ipni'-'n,„ 

where the integral operator kernels defined as 

(3.36) ni{X,n) : ^ I ^^J7("-2).t[^(a),V.(m)], 



dS. 



(m-l) 



0:(A,m) : = I O b(A),V(M)] 

for all (A, 77) e S X E^, k = 0,m, giving rise to proper Delsarte transmutation op- 
erators ensuring the pure differential nature of the transformed expressions (3.29). 
Note here also that due to (3.34) and (3.35) the following operator property 

(3.37) + = 



holds for every fc = 0, m, meaning that flxo = —^xo 

Take now /c = m — 1; then one can define similar to (3.16) the additional closed 
and dense in H three subspaces 

Ho := {V(m) G Wa(£),-(^) : dc^{fi) = 0, V(/^)|r = 0, lie S}, 

(3.38) Tio := € • = 0' ^('")lf = 0, G S}, 

:= Mv) G W°(^.),_(M) : rftV-C??) = 0, m\f = 0, r? G S}, 

where r and f C M are some smooth (m — 2)-dimensional hypersurfaces, and 

construct the actions 

(3.39) n : ^ ^ := i:n~'nx„ ^* : ^ ^ (p ~ ^^l^-^^l^ 

on arbitrary but fixed pairs of elements (^(A),V'(m)) G x 'Ho, parametrized by 
the set S, where by definition, one needs that all obtained pairs ((^(A), '0(/x)) belong 
to _(M) X _(M). Here for all (A,??) e S x E we defined, as usually, 

by expressions 

^^x(A,/x):= / 1^(^-2) [^(A),V(m)], ^^;(A,/x):= / ^ f^(™-2)'T[^(A), V(/x)], 
(3.40) 

n,,(A,M):= / 0(™-2)[<^(A),^(/x)], n*^(A,M):= / Q('"-2)'T[^(A), V(m)] 

the corresponding kernels of integral operators acting in the Hilbert space Lj'''' (^i C) 
of measurable functions with respect to some Borel measure p on Borel subsets of 
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the set E. The related operator property (3.37) can be compactly written down as 
follows: 

(3.41) fix = flxo^x ~ ^Xo^x ^xo- 



Construct now from the expressions (3.40) the following operator quantities in 
the Hilbert space L^^^(E; C): 

(3.42) - = / f](™-2)[<^(A), V(/x)] - / ^ ^ 2)b(A), V(m)] 

I ^)b(A),V(M)]= / Z('"-i)b(A),V(M)], 

I 2)'T[^(A),V'(M)]= / i).t[^(A),^(m)], 

where, by definition, an (m — l)-dimensional surface S^™~^^ {a^~'^\axo ^^) C 
M is spanned smoothly between two homological cycles a^~^^ := dS^~^^ and 
4r'^:=a5f ^Gif„-i(M;C). 

Since the integral operator expressions flxo - ^x,-, '■ ^2'^ i'^'^ ^ ^i^H'^'^ ^) ^''"c at 
a fixed point S M evidently constant and assumed to be invertible, for extending 
the actions given (3.39) on the whole Hilbert space H xH* one can apply to them 
the classical constants variation approach, making use of the expressions (3.42). As 
a result, we obtain easily the following Delsarte transmutation integral operator 
expressions 

(3.43) il = 1- [ dp{Odp{7j)i;{x-,0^xoM><),Hl^m\v)>< 

I Z(™-1)[^(,?),.], 

n* = 1-/ dp{Odp{vMx-,vWx'-'[m,i>M]{m >< 

JExE 

I z('"-i)'T[.,v>(0] 



X 



'ExE 

X 

5(^-1) (^(—2) ^^(^-2)) 



for fixed pairs (^(A), ■)/'(/«)) and (^(A), ■(/'(/u)) £ Hq x Ho, being bounded invertible 
integral operators of Volterra type on the whole space HxH*. Applying the same 
arguments as in Section 1, one can show also that correspondingly transformed sets 
of operators Lj := flLjfl~^, j = l,m, and LI := 17*L^17*'-i, k = l,m, appear to 
be purely differential too. Thereby, one can formulate the following final theorem. 
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Theorem 3.7. The expressions (3.4-3) are bounded invertible Delsarte transmuta- 
tion integral operators of Volterra type onto 7i x H* , transforming, correspondingly, 
given commuting sets of operators Lj, j = l,m, and their formMly adjoint ones i^, 
k = l,m, into the pure differential sets of operators Lj := flLjfl^^, j = l,m, and 
:= n*L^n*~^, k = l,m. Moreover, the suitably constructed closed subspaces 
Ho C H and TYo C H, such that ft -.Ho ^ Ho, depend strongly on the topolog- 
ical structure of the generalized cohomology groups W^^-^-j _{M) and ^^(^j _(-^)) 
parametrized by points x, x^ G M. 

4. Discussion. 

Consider a differential operator L : H ^ H in the form (2.1) and assume that 
its spectrum a{L) consists of the discrete ad{L) and continuos (Tc{L) parts. By 
means of the general form of the Delsarte transmutation operators (3.43) one can 
construct a transformed more complicated differential operator L := ClLSl~^ in H, 
such that its continuous spectrum adL) = (7c{L) but (Td{L) ^ (Jd{L). Thereby these 
Delsarte transformed operators can be effectively used for both studying spectral 
properties of differential operators [7, 5, 8, 9] and constructing a wide class of 
nontrivial differential operators with a prescribed spectrum as it was done [8, 6] in 
one dimension. 

As was shown before in [5, 11] for the two-dimensional Dirac and three- 
dimensional perturbed Laplace operators, the kernels of the corresponding Delsarte 
transmutation operator satisfy some special of Frcdholm type linear integral equa- 
tions called the Gelfand-Levitan-Marchenko ones, which are of very importance for 
solving the corresponding inverse spectral problem and having many applications in 
modern mathematical physics. Such equations can be naturally constructed for our 
multidimensional case too, thereby making it possible to pose the corresponding 
inverse spectral problem for describing a wide class of multidimensional operators 
with a priori given spectral characteristics. The mentioned problem appears (see 
[7]) to be strongly related with that of spectral representation of kernels commuting 
in some sense with a given pair of differential operators. Also, similar to [11, 15], one 
can use such results for studying so called completely integrable nonlinear evolution 
equations, especially for constructing by means of special Darboux transformations 
[10, 12] their exact solutions like solitons and many others. Such an activity is now 
in progress and the corresponding results will be published later. 
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